Using the coupled-system approach we calculate the optical spectra of the fluorescence and transmitted fields of a two-level atom driven by a squeezed vacuum of bandwidths smaller than the natural atomic linewidth. We find that in this regime of squeezing bandwidths the spectra exhibit unique features, such as a hole burning and a three-peak structure, which do not appear for a broadband excitation. We show that the features are unique to the quantum nature of the driving squeezed vacuum field and do not appear when the atom is driven by a classically squeezed field. We find that a quantum squeezed-vacuum field produces squeezing in the emitted fluorescence field which appears only in the squeezing spectrum while there is no squeezing in the total field. We also discuss a nonresonant excitation and find that depending on the squeezing bandwidth there is a peak or a hole in the spectrum at a frequency corresponding to a three-wave-mixing process. The hole appears only for a broadband excitation and results from the strong correlations between squeezed-vacuum photons.
I. INTRODUCTION
The spontaneous-emission spectrum of a two-level atom damped into an ordinary vacuum is a Lorentzian function of frequency with the width given by the atomic linewidth. Gardiner ͓1͔ found that the spectrum can be fundamentally altered by placing the atom into a squeezed vacuum. In this case the decay rate of one of the two quadrature components of the atomic polarization can be slower than the normal decay rate, leading to a subnatural linewidth of the spontaneous-emission spectrum. The linewidth narrowing is one of the nonclassical effects which reveal the quantum nature of the squeezed-vacuum field. With the addition of a coherent driving field the spectrum is a triplet ͓2͔ with the linewidths depending on the relative phase between the coherent and the squeezed-vacuum fields ͓3͔. In particular, the central peak of the triplet can either be much narrower or much broader than the atomic linewidth. Apart from the dependence on the phase, the squeezed vacuum can lead to the qualitative changes in the spectrum such as a suppression of the spectral lines ͓4,5͔, hole burning, and dispersive profiles ͓6-8͔.
A standard procedure to calculate the squeezing effects is to derive an appropriate master equation describing atomic evolution, which together with the quantum regression theorem is then used to calculate the spectrum. The derivation of the master equation is based on the assumption of the Born and Markov approximations, the later requires a broadband spectrum of the reservoir modes. However, present sources of squeezed light, which are subthreshold optical parametric oscillators ͓9-11͔, generate finite rather than broadband squeezed fields of bandwidths typically of the order of the atomic linewidth. This experimental fact has led to the investigation of new theoretical methods, different than the BornMarkov master equation method, of calculating the problem of a two-level atom in a squeezed vacuum.
The effect of a finite squeezing bandwidth on the atomsqueezed light interaction was investigated both numerically ͓12-14͔ and analytically ͓15-22͔. The numerical approach was based on stochastic methods whereas the analytical approach involved a Markovian master equation in a dressedatom basis of a driven system. The approaches were applied to analyze the narrowing of the fluorescence and absorption lines and confirmed the effect of the squeezed-vacuum field on the spectral linewidth, with the overall conclusion that a finite squeezing bandwidth degrades the narrowing of the spectral lines. Later, Gardiner ͓23͔ and Carmichael ͓24͔ have proposed the coupled-system approach in which the parametric oscillator producing the squeezed field is included to the system and the master equation describing the parallel evolution of the atom and the cavity field is obtained. This approach has been applied by Gardiner and Parkins ͓25͔ and Smyth et al. ͓26͔ to study the effect of squeezing bandwidth on the inhibition of atomic phase decays, spectral linewidth narrowing, and the anomalous features of the resonance fluorescence spectrum. The results show that the squeezinginduced effects disappear for squeezing bandwidths comparable to the atomic linewidth. In this paper we show that a squeezed vacuum of bandwidths smaller than the natural linewidth can produce certain effects that are unique to narrow-bandwidth excitations and the quantum nature of squeezed light. Using the GardinerParkins ͓25͔ master equation, we examine the fluorescence and transmitted spectra and find that the squeezed vacuum of bandwidths smaller than the atomic linewidth can produce a structure with three peaks, similar to the Mollow triplet, or can burn a hole at the line center. We explain the features as arising from squeezing produced by the atom which, on the other hand, results from quantum nature of the driving squeezed-vacuum field. The hole burning of squeezing origin has been reported previously in absorptive optical bistability ͓27͔, the field transmitted through a cavity ͓28͔, and resonance fluorescence ͓29͔. However, in the systems considered the squeezing was produced by driving the atom with a weak coherent field. In the case considered here, the squeezing is produced without the presence of the coherent driving field. In stark contrast to the squeezing resulting from coherent excitation, we find that the squeezing produced by a quantum squeezed vacuum appears only in the squeezing spectrum, and there is no squeezing in the total fluorescence field.
II. COUPLED-SYSTEMS APPROACH
An experimentally realistic model of the atom-squeezedlight interaction must take into account the finite bandwidth of a squeezed-light source. The simplest and most convenient means of calculating the effects of finite squeezing bandwidth is provided by the coupled-system approach ͓25͔. In this approach one considers a quantum system consisting of two subsystems. A field b in (1,t) drives the first system, and gives rise to an output b out (1,t) which, after a propagation delay , becomes the input field b in (2,t) to the second system. In the coupled-system approach it is assumed that the output from the first system drives the second system without there being any coupling back from the second system to the first, which experimentally can be achieved by appropriate isolation techniques. Such a one-way coupling is described in terms of an appropriately chosen Hamiltonian ͓23͔.
In our case the first system is a degenerate parametric oscillator ͑DPO͒, the output of which drives a two-level atom. The Hamiltonian of this system is given by ͓25͔ 
͑4͒
The system Hamiltonian ͑2͒ describes the cavity mode at frequency s which is pumped nonlinearly by a classical field with the amplitude ⑀ and frequency 2 s . This consists of the degenerate parametric oscillator ͑the first system of the two-coupled systems͒, and the two-level atom with the transition frequency A ͑the second system͒. In Eqs. ͑3͒ and ͑4͒, the operators b() and b † () are the boson annihilation and creation operators for the bath, 1 () describes the coupling of the cavity mode to the bath, and 2 () describes the coupling of the atom to the bath.
Using standard procedures ͓25,30͔ one can derive from the Hamiltonian ͑1͒ the master equation, which in the frame rotating with s has the following form:
where ␦ϭ s Ϫ A is the detuning of the squeezing carrier frequency from the atomic resonance, ϭ2 1 ( s ) 2 is the DPO cavity bandwidth and ␥ϭ2 2 ( s ) 2 is the natural atomic linewidth. The parameter (0Ͻр1) describes the matching of the incident squeezed vacuum to the modes surrounding the atom. For perfect matching ϭ1, whereas Ͻ1 for an imperfect matching, which is always the case in experimental situations ͓9-11͔. We assume here an imperfect matching (Ͻ1) and that the remaining nonsqueezed modes are in a thermal state with the mean photon number N( s ). However, in order to observe the effects of the squeezed vacuum on the atom the parameter should be as close to unity as possible. This requirement could be difficult to achieve in experiments, although some schemes involving optical cavities have been proposed ͓19,31͔ and experimentally tested ͓32͔. On the other hand, if the fluorescent field radiated by the atom to the nonsqueezed modes is to be observed, cannot be exactly unity because the radiation rate to the nonsqueezed modes, which is (1Ϫ)␥, would be zero and no fluorescence would be observed. In the coupledsystems approach one has a choice of detecting either transmitted light, or the fluorescent light radiated by the atom to the modes of the ordinary vacuum. The transmitted light is a superposition of the squeezed-vacuum field coming from the DPO and the field radiated by the atom to the modes occupied by the squeezed vacuum. The master equation ͑5͒, compared to the standard Gardiner-Parkins form, contains extra terms (1Ϫ)N( s ) which represent an external thermal noise to the atom. In other words, we assume that the atom ''sees'' a fraction (1 Ϫ) of modes that are in a thermal state. We have added the thermal field to the master equations to model a classically squeezed field driving the atom. The classically squeezed field can be modeled by real Gaussian fields ͓33,34͔ or by the output from an empty two-sided cavity in which one of the two mirrors is driven by a broadband white-noise field ͓35͔. We propose a different scheme which allows us to use the same master equation to model the interaction of the atom with a quantum or a classically squeezed field. For N ϭ0 the atom is driven by the output of the DPO, which is a quantum squeezed-vacuum field with positive fluctuations in one of the quadrature components and negative fluctuations in the other component. When N 0 the atom is simultaneously driven by a thermal field and the output from the DPO. By a suitable choice of the value of N, the effective field driving the atom can have positive fluctuations in one of the field quadrature components and no fluctuations in the other, which corresponds to a classically squeezed field.
In Sec. III we solve the master equation ͑5͒ numerically to find the evolution of the atomic and cavity fields, and use the solution as a starting point to calculate the steady-state spectra for both the transmitted and resonance fluorescence fields. We focus on the cases of the squeezing bandwidths smaller than the natural atomic linewidth. In this regime of squeezing bandwidths the broadband squeezing assumption is not valid, and analytical results based on the standard BornMarkov master equation are not applicable.
III. OPTICAL SPECTRA FOR TRANSMITTED AND FLUORESCENT FIELDS
Effective numerical solutions of the master equation ͑5͒
are possible when the mean number of photons ͗a † a͘ in the cavity is small (͗a † a͘Ͻ1) ͓25,36͔. In this case it is sufficient to take about ten lowest photon states as a basis of the photon Hilbert space and the two atomic states that form the atomic Hilbert space. Steady-state solutions of the master equation ͑5͒ together with the quantum regression theorem allow us to find optical spectra for the transmitted and fluorescent fields as well as atomic quadrature noise spectra for the cases when squeezing bandwidth is smaller or comparable to the natural atomic linewidth.
The transmitted field can be described by the ͑collapse͒ operator ͓24,37͔
which is a superposition of the incident squeezed-vacuum field and the field radiated by the atom into the squeezedfield modes. The rate of the atomic radiation that goes to the squeezed modes is equal to ␥, and the fraction (1Ϫ)␥ of the radiation that goes to the remaining ͑ordinary vacuum͒ modes constitutes the resonance fluorescence. 
͑8͒
Since the photon flux incident on the atom is ͗a † a͘ ss , the last two terms in Eq. ͑8͒ must cancel each other to conserve the energy. This means that the steady-state correlations between the cavity field and atomic operators play an important role in the process.
The steady-state spectrum of the transmitted field can be defined as the Fourier transform of the correlation function
where Re denotes the real part of the integral, and we use the notation ͗a,b͘ϵ͗ab͘Ϫ͗a͗͘b͘ for the covariance.
The incoherent part of the stationary fluorescence spectrum of a two-level atom is given by the Fourier transform of the two-time atomic correlation function as
where we take into account that only a fraction (1Ϫ)␥ of the radiation goes to the nonsqueezed modes. We can relate the incoherent part of the fluorescence spectrum to the quadrature noise spectrum ͑squeezing spectrum͒ as ͓28,29͔
where
are, respectively, in-phase and out-of-phase quadrature components of the noise spectrum, and
is the asymmetric contribution to the spectrum. If the atomic two-time correlation function is real, S A ()ϭ0, and then the fluorescence spectrum is symmetric. The squeezing spectra for the transmitted field can be defined in a similar way by replacing Ϫ and ϩ operators by C and C † operators and omitting the factor (1Ϫ)␥.
Integrating the squeezing spectrum components over all frequencies gives the variances of the total fluorescence field
Squeezing in the total fluorescence field is defined by the requirement that either F X or F Y is negative, which can happen only if the stationary atomic dipole moment ͗ ϩ ͘ ss is different from zero. For a two-level atom driven by the output of a DPO the atomic dipole moment ͗ ϩ ͘ ss ϭ0 indepen-dent of the parameters used, indicating that the total field variances F X and F Y are always positive. It follows that the total fluorescence field does not exhibit squeezing. Nevertheless, we will show that even in this case there is a strong squeezing possible in the squeezing spectrum. In Sec. IV, we will plot the transmitted and fluorescence spectra for narrow squeezing bandwidths and explain their unusual features using the squeezing spectra. For a better comparison of the linewidths and shapes, we will normalize the spectra to the unit area.
IV. RESULTS
Gardiner and Parkins ͓25͔ have found that the squeezinginduced line narrowing in the fluorescence spectrum appears only for the cavity linewidths sufficiently large with respect to the atomic natural linewidth ␥. They have shown that the narrowing decreases with decreasing and disappears for Ϸ␥. Here, we calculate optical spectra of the fluorescence and transmitted fields for the case when the cavity damping rate is smaller than ␥. In Fig. 1 we show the spectra for ␦ϭ0, ϭ0.3 ͑ is measured in units of ␥͒, the pump field ⑀ϭ/6, Nϭ0, and ϭ0.9. We see that in this regime of the cavity linewidths the resonance fluorescence spectrum exhibits a three-peak structure and there is a hole at the center of the transmitted light spectrum. For reference, we plot the Lorentzian with the atomic linewidth ͑broader͒ and the the spectrum of the DPO output field ͑narrower͒. One can see that the fluorescence spectrum has two components: a broad background with the natural linewidth at the wings and a narrow peak with the width narrower than the DPO bandwidth at the center. In Fig. 2 we present both the resonance fluorescence and transmitted field spectra for ⑀ ϭ/10, ϭ0.9, and different . For sufficiently large ͑ ϭ4␥͒, the spectrum is composed of a single Lorentzian peak, whose shape changes as decreases. When approaches ␥ a hole starts to appear at the center of the spectral line and then a three-peak structure emerges as decreases below ␥.
According to Eq. ͑11͒, the appearance of the unusual features in the fluorescence spectrum can be explained by analyzing the squeezing spectra of the fluorescence field. In Fig.  3 we plot the squeezing spectra for the fluorescent field defined by Eqs. ͑12͒ and ͑13͒. The S Y () quadrature is negative for frequencies near the carrier frequency s i.e., it shows a quantum squeezing ͓38,39͔. The S X () quadrature is positive, and adding the two quadrature components gives the fluorescence spectrum shown in Fig. 1 . Clearly, the negative values of S Y () are responsible for the unusual shape of the resonance fluorescence spectrum. Thus the three-peak structure and hole burning result from quantum squeezing in the fluorescence field. In Fig. 3 we also show the squeezing FIG. 1. Optical spectra of the fluorescent ͑solid line͒ and transmitted ͑dashed line͒ fields for ␥ϭ1, ϭ0.3, ⑀ϭ/6, and ϭ0.9. For reference we have added with dotted lines the Lorentzian with the atomic linewidth ␥ϭ1 ͑broader͒ and the spectrum of the DPO ͑narrower͒. All the parameters are scaled to the atomic linewidth ␥, and the optical spectra are normalized to give unit area under the curve.
FIG. 2.
Normalized ͑a͒ resonance fluorescence and ͑b͒ transmitted field spectra for various values of the cavity damping : ϭ0.2 ͑solid line͒, ϭ0.5 ͑dashed line͒, and ϭ1 ͑dashed-dotted line͒ for ⑀ϭ/10 and ϭ0.9. spectra of the DPO output field, which drives the atom. We see that the quantum squeezing in the fluorescence field results from a quantum squeezing in the DPO output field. If we replace the driving field by an analog of a classical squeezed-vacuum field the emitted fluorescence field does not exhibit quantum squeezing and consequently the unusual features in the fluorescence spectrum disappear. This is shown in Fig. 4 , where we plot the fluorescence spectrum ͓Fig. 4͑a͔͒ for quantum and classically squeezed driving fields and the squeezing spectra ͓Fig. 4͑b͔͒ of the fluorescence field for the classically squeezed driving field. It is evident from Fig. 4 that for the classically squeezed driving field the spectra of the fluorescence field are manifestly different from that of the quantum driving field.
In Fig. 5 we plot the squeezing spectra for the transmitted field and compare them with squeezing spectra of the DPO output field. The spectra of the transmitted field show a dip in one quadrature and a peak in the other quadrature at the central frequency s . This feature of the transmitted light noise spectra is caused by the atomic resonance fluorescence to the nonsqueezed modes. For a small (ϭ0.5), shown in Fig. 5͑a͒ , the noise spectra of the transmitted field are essentially broadened with respect to their counterparts in the DPO field. The appearance of the hole in one quadrature is also evident. Even for sufficiently large value of ϭ10, as seen in Fig. 5͑b͒ , there is still an important difference at the center with a very pronounced peak with the width of the atomic linewidth and the dip in the other quadrature.
The features discussed here depend crucially on the value of , which should be as close to unity as possible to have the coupling between the two subsystems as high as possible.
On the other hand, there is only a fraction (1Ϫ)␥ of the radiation that goes to the modes different from the squeezedvacuum modes, and this rate must be nonzero to observe resonance fluorescence to the nonsqueezed modes. In our calculations presented in Figs. 1-6 we have assumed ϭ0.9. The features, however, degrade quickly as decreases and disappear for Ϸ0.6. This is shown in Fig. 6 , where we plot the fluorescent and transmitted field spectra for different values of . So far we have discussed the resonant case ␦ϭ0. Now we will discuss a nonresonant case. Analytical calculations of the fluorescence spectrum of a two-level atom in an offresonance broadband squeezed vacuum show that there is a hole at the frequency ϭ2 s Ϫ A ϭ A ϩ2␦ corresponding to a three-wave-mixing process ͓40͔. In the case of a narrow bandwidth and ␦ 0 we can calculate the spectrum from the master equation ͑5͒ using the same method as for the resonant case. The results are shown in Fig. 7 . For small the spectrum shows a narrow central peak and a small peak at frequency A ϩ2␦. There is no peak at the atomic fre- quency. The narrow peak arises from the elastic scattering of the incident squeezed field, and the small peak is due to the three-wave-mixing process induced by the two-photon correlations characteristic of the squeezed-vacuum field. As increases the central peak decreases and the peak at the atomic frequency grows and becomes dominant for large . Also, the three-wave-mixing peak at frequency A ϩ2␦ decreases with increasing and for very large ͑broad squeezed vacuum͒ the peak is replaced by a hole. Clearly, the squeezing bandwidth, given by , is entirely responsible for the properties of the three-wave-mixing process.
The properties of the three-wave-mixing process can be explained as follows. For small squeezing bandwidths the correlation time between two photons of frequencies s Ϫ␦ and s ϩ␦ is very long. Therefore, the absorption of two correlated photons from the squeezed field is interrupted by a spontaneous emission of a photon of frequency A ϩ2␦, as it is shown in Fig. 8͑a͒ . The spontaneous emission gives the three-wave-mixing peak in the fluorescence spectrum. For large squeezing bandwidths, the correlation time between the photons is very short leading to a simultaneous absorption of two photons from the squeezed field. Absorbing these two photons the atom makes a transition to a virtual state, as is shown in Fig. 8͑b͒ . Next, the atom makes a stimulated transition to the state ͉2͘ emitting a photon of frequency A ϩ2␦ into the squeezed vacuum thereby partly canceling the fluorescence and burns a hole at A ϩ2␦.
We emphasize here that the origin of the hole burning for ␦ 0 is different from that of the resonant excitation. The latter is due to squeezing in the fluorescence field, whereas the former results from the strong two-photon correlations characteristic of the squeezed vacuum. Moreover, the hole burning for ␦ϭ0 appears only for very small squeezing bandwidths in contrast to the hole burning for ␦ 0, which appears only in a broadband squeezed field.
V. CONCLUSIONS
We have studied the fluorescence and transmitted light spectra for a two-level atom driven by a narrow-bandwidth squeezed-vacuum field produced by a degenerate parametric oscillator. Using the coupled-system approach we have analyzed the spectra for the case of squeezing bandwidths smaller than the atomic natural linewidth. Our results show that even for small squeezing bandwidths the spectra exhibit features that are unique for the quantum nature of squeezed light. We have found that the squeezed field of bandwidths smaller than the atomic linewidth burns a hole in the center of the spectrum or even can lead to a three-peak structure similar to the Mollow triplet. The features are strongly dependent on the squeezing bandwidth and do not extend into the regime of broadband excitation. Moreover, we have shown that the features are not present when the DPO output field is replaced by a classically squeezed field. The features arise from the quantum nature of the DPO output field and also reflect a quantum nature of the emitted fluorescence field. We have shown that the fluorescence field exhibits squeezing only in the squeezing spectrum with no squeezing in the total field. We have also calculated the spectra for an off-resonance excitation. In this case the fluorescence spectrum exhibits a hole at the three-wave-mixing frequency, which appears only for a broadband excitation. For a narrowbandwidth excitation the hole is replaced by a peak. The three-wave-mixing structure originates from two-photon correlations characteristic of the squeezed-vacuum field. Other parameters are: ⑀ϭ/10, and ϭ0.9. Vertical dotted lines mark the position of atomic resonance ϭ A ͑main figure͒ and the three-photon resonance ϭ2 s Ϫ A ͑inset͒.
FIG. 8. Schematic diagram of a three-wave mixing process for a narrow bandwidth excitation ͑a͒, and a broadband excitation ͑b͒. The atom makes the transition ͉1͘→͉2͘ absorbing two photons from the squeezed vacuum field and emitting a photon of frequency A ϩ2␦.
